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We examine the uniqueness and stabi l i ty  of the solutions to the p rob lem of s teady-s ta te  operat ion of a 
continuous chemica l  r e a c t o r  in which longitudinal diffusion and heat conduction a re  taken into account. We 
invest igate  an adiabatic r e ac to r  in which the concentrat ion and t empera tu re  dis t r ibut ions  a re  s imi la r  
(the the rmal  diffusivity and diffusion coeffecient  a re  equal) and an i so the rmic  r eac to r .  These two cases  a r e  
cons idered  together  because  the mathemat ica l  formulat ions  of the problem a r e  equivalent.  

The question of the exis tence and number  of steady s ta tes  was analyzed in [1, 2], where  r e f e r e n c e s  were  
made to e a r l i e r  invest igat ions.  The resu l t s  obtained in [1, 2] a re  now extended. The stabil i ty of the steady 
states  is invest igated by the sma l l -pe r tu rba t ion  method. 

1. Statement  of problem.  Basic  equations.  In the formulat ion of the problem we adopt the assumptions  usual ly 
made in chemica l  r eac to r  theory.  The validity of these assumptions  is d iscussed  in [3, 4], for  instance.  

We assume  that the continuous chemical  r eac to r  is a cy l indr ica l  volume fi l led with a porous ca ta lys t  and with 
impermeab le  side walls .  A reac t ing  mixture  of init ial  and final reac t ion  products f i l t e r s  through the cata lys t .  We 
assume  that the p r o c e s s e s  in the r e a c t o r  can be r e p r e s e n t e d  by assigning mean va lues  to the phys icochemica l  
p a r a m e t e r s  (the ca ta lys t  granules  a re  smal l  in compar i son  with the volume of the reac to r ) .  In addition, the equations 
a r e  formula ted  for quantit ies ave raged  over  the r e ac to r  c ro s s  sect ion,  i . e . ,  the one-d imens ional  approximat ion is 
considered.  

Within the f ramework  of these  assumptions  the mass  and heat  t r ans fe r  p r o c e s s e s  in an adiabatic (nonconducting 
side walls) continuous r eac to r  can be r ep re sen ted  by the following sys tem of diffusion and heat-conduction equations: 

a~ a2~ a~ 
0-7- = D ~ - -  u -~  + r(~, T) (1.1) 

OT ~ O~T cOT h 
cOt -- 9c cOx ~ --u-~Tx -~-~r(~, T) (1.2) 

Here  ~ is the yield, or degree  of advancement ,  of the reac t ion  (moles /un i t  volume); T is the t em pe ra tu r e ;  D and 
n a re  the effect ive longitudinal diffusion coeff ic ient  and the rmal  conductivity (the diffusion coeff icients  for a l l  the 
substances a r e  assumed to be equal); p is the density of the mix ture  of reagen ts  and reac t ion  products ;  u is the 
f i l t ra t ion velocity;  c is the total heat capacity of the reac t ing  mixture  and skeleton; the function r(~, T) is the chemica l  
reac t ion  ra te  expressed  as a function of yield and t empera tu re  (moles /un i t  volume • unit t ime);  h is the heat of the 
react ion (for an exothermic  react ion h > 0 and for an endothermic  reac t ion  h < 0). Let  the length of the r eac to r  be l, 
i. e . ,  0 _< x _< l .  F o r  the boundary conditions at the ent rance  (x = 0) and outlet (x = l) of the r e a c t o r  we take 

a~ a~ 
- - D - ~ x + u ~ = O ,  x=0; ~ x = 0 ,  x = l  (1.3) 

• COT cOT 
- -  ~ -~x-x  - ~ u T = u T o ,  x-----0; cOx =0, x = l  (1.4) 

Here  T O is the t empera tu re  of the initial mixture .  The question of the validity of boundary conditions (1.3) and 
(1.4) was d i scussed  in [5]. It was shown that these boundary conditions a r e  valid in steady and unsteady conditions if 
ce r ta in  r e s t r i c t i ons  a re  placed on the r eac to r  model.  

A complete  mathemat ica l  descr ip t ion of unsteady heat and mass  t r ans fe r  p r o c e s s e s  in an adiabatic continuous 
r e a c t o r  must include, in addition to re la t ionship  s (1.1) - (1.4), initial conditions for the t empe ra tu r e  and yield of the react ion .  
The specif ic  fo rm of these  conditions is not used below. 

We assume in what follows that the following equali ty is valid: 
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- - D =  % (1.5) pc 

F o r  the d e s c r i p t i o n  of p r o c e s s e s  in an i s o t h e r m i c  cont inuous  r e a c t o r ,  w h e r e  the t e m p e r a t u r e  has  a s p e c i f i e d  
cons t an t  va lue  due,  for  ins tance ,  to r a p i d  hea t  exchange  with the r e a c t o r  wa l l s ,  Eq.  (1.1), cond i t ions  (1.3), and the  
c o r r e s p o n d i n g  in i t ia l  cond i t ion  a r e  suf f i c ien t .  

2. S teady  s t a t e s .  The i nves t i ga t i on  of the s t eady  s t a t e s  of an ad iaba t ic  r e a c t o r  r e d u c e s  to an i nves t i ga t i on  of the 
so lu t ions  of Eqs .  (1.1) and (1.2) wi th  0 / a t  = 0 and condi t ions  (1.3), (1.4). In v iew of a s s u m p t i o n  (1.5) t h e s e  so lu t ions  
en ta i l  s i m i l a r i t y  of the c o n c e n t r a t i o n  and t e m p e r a t u r e  d i s t r i b u t i o n s .  This  is e x p r e s s e d  by a o n e - t o - o n e  c o r r e s p o n d e n c e  
be tween  the  y i e ld  of the  r e a c t i o n  and the t e m p e r a t u r e  a t  any s ec t i on  of the r e a c t o r :  

h T(x)-- ~-~(x)= To (2.1) 

Using  (2.1) we can  put the e x p r e s s i o n  fo r  the r a t e  of the c h e m i c a l  r e a c t i o n  in the f o r m  

r ( ~ , T ) = r ( p c  T--T.h , T ) ~ O ( T )  (2.2) 

In v i ew of f o r m u l a  (2.2) the p r o b l e m  of the s t eady  s t a t e s  of an  ad iaba t i c  r e a c t o r  r e d u c e s  to an ana ly s i s  of the 
so lu t ions  of the  s t e a d y - s t a t e  ( a / a t  = 0) equa t ion  (1.2) with condi t ions  (1.4). 

It is conven ien t  to put  p r o b l e m  (1.2), (2.2), (1.4) in the  fo l lowing f o r m :  

H e r e  

d~0 U dO dx ~ c-~z @ F ( O ) = O ,  0 ~ 0 ~ 0  m (2.3) 

dO U 0 = 0 ,  x = 0 ;  dO = 0 ,  x = l  
dz d~- (2.4) 

(U = upc / ~:, 0,~ = I Tm --  To[) 

/ T - -  To for an exothermic reaction, 
0 = ] 1' -- T O I = [To -- T for an endothermic reaction; 

the  t e m p e r a t u r e  T m  c o r r e s p o n d s  to the m a x i m u m  y i e ld  of  the  r e a c t i o n ;  and 

F(O) = Ihlz 09('To,, _~_ I__ET o ) h  �9 (2.5) 

The p r o b l e m  of the s t eady  s t a t e s  of an i s o t h e r m i c  r e a c t o r ,  i . e . ,  the  p r o b l e m  of the  s t e a d y - s t a t e  so lu t ions  of 
Eq.  (1.1) with condi t ions  (1.3) and a/Ot = 0, T = cons t ,  can  a l so  be put in the f o r m  (2.3), (2.4). This  m e r e l y  r e q u i r e s  
the in t roduc t ion  of the  new s y m b o l s  0 = ~ and F(0) = r(~,  T = const)  in r e l a t i o n s h i p s  (1.1) and (1.3). 

Thus ,  the g e n e r a l  a n a l y s i s  of the  so lu t ions  in the c a s e  of an ad iaba t ic  r e a c t o r  is  m a t h e m a t i c a l l y  equ iva l en t  to an 
ana ly s i s  of the so lu t ions  in the  c a s e  of  an  i s o t h e r m i c  r e a c t o r .  The only d i f f e r e n c e  l i e s  in the  spec i f i c  f o r m  of funct ion 
F(0),  which  wi l l  a lways  be  a s s u m e d  to  be  su f f i c i en t ly  smooth .  

It  was  shown e a r l i e r  in [1] tha t  a so lu t ion  of p r o b l e m  (2.3), (2.4) a lways  e x i s t s  and tha t  if funct ion  F(0) is 
mono ton ic ,  the so lu t ion  wil l  be unique.  The conc lus ion  of un iquenes s  of the so lu t ion  can be ex tended  to a l a r g e r  c l a s s  
of func t ions  F(0).  The su f f i c i en t  condi t ion  fo r  un iquenes s  depends  on the condi t ion  for  s t ab i l i ty  of the so lu t ion .  

L e t  an a s s i g n e d  funct ion F(0) c o r r e s p o n d  to s e v e r a l  so lu t ions  of the p r o b l e m  (2.3), (2.4). We c o n s i d e r  the two 
so lu t ions  01(x) and 02(x). The d i f f e r e n c e  of t h e s e  two so lu t ions  T(x) = 01(x) - 02(x) wi l l  s a t i s f y  the equa t ion  

d ~  U dv dx ~ ~ + F (01)- - -  F (00) = 0 (2.6) 
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with condi t ions  

d~ dxd'~ U ~ = O ,  x = O ;  -~-x = 0 ,  

We put the d i f f e r e n c e  of func t ions  F(0) in the  f o r m  

x = l (2.7) 

p ( o o - p ( o 2 )  aF = - ~  o=2, "r ( 2 . 8 )  

w h e r e  0. l i e s  be tween  01 and 0 2. 

We in t roduce  a new unknown funct ion 

T (x) = y (x) exp (1/2Ux) 

Using  f o r m u l a  (2.8) we obtain,  in p l a c e  of r e l a t i o n s h i p s  (2.6) and (2.7), 

( dF U ~ ) 
4~Y + y 0 (2.9) dx ~ dO 4 

dy U dx 2 y = 0 ,  x ~ 0 ;  dy U 0 + - ~ - y =  , x = l  (2.10) 

It can  be  shown tha t  Eq.  (2.9) with condi t ions  (2.10) has no n o n t r i v i a l  so lu t ion  when 

dF 1 dO < ~f4U' (2.11) 

This  m e a n s  tha t  when inequa l i ty  (2.11) is s a t i s f i ed ,  p r o b l e m  (2.3), (2.4) has  a unique solut ion .  Thus ,  cond i t ion  
(2.11) wi l l  be a su f f i c i en t  condi t ion  fo r  un iquenes s  of the  so lu t ion  of (2.3), (2.4). It  is c l e a r  that  in c o m p a r i s o n  with the 
p r e v i o u s  r e q u i r e m e n t  of mono ton ic i ty  of funct ion  F(0),  condi t ion  (2.11) g r e a t l y  e n l a r g e s  the c l a s s  of func t ions  for  which  
the  p r o b l e m  of the  s t e a d y  s ta te  of a c h e m i c a l  r e a c t o r  has  a unique so lu t ion  ( see  a l so  [6]). 

3. S tab i l i ty  of s t e a d y  s t a t e .  We inves t i ga t e  in a l i n e a r  a p p r o x i m a t i o n  the s t ab i l i ty  of the s t e a d y  s t a t e s  of ad iaba t i c  
and i s o t h e r m i c  r e a c t o r s  by e x a m i n i n g  the  b e h a v i o r  of s m a l l  uns t eady  dev ia t ions  f r o m  the  so lu t ions  of p r o b l e m  (2.3), 
(2.4). 

The equa t ions  and boundary  condi t ions  for  the p e r t u r b a t i o n s  can  be ob ta ined  by l i n e a r i z i n g  r e l a t i o n s h i p s  
(1 .1) - (1 .4)  by put t ing 

(x, t) = ~~ (x) -q- 6~ (x, t), T (x, t) = T ~ (x) + 6T (x, t) (3.1) 

In an ad iaba t i c  r e a c t o r  the  func t ions  ~~ and T~ s t e a d y - s t a t e  s o l u t i o n s - - a r e  connec t ed  with  one ano the r  
by r e l a t i o n s h i p  (2.1) and can  be e x p r e s s e d  in t e r m s  of func t ion  0(x), which  is  a so lu t ion  of p r o b l e m  (2.3), (2.4); in an  
i s o t h e r m i c  r e a c t o r  

T ~ (x )  = e o n s t ,  ~ T  ~ 0 ,  0 = 

It  can  be  shown that  i t  is su f f i c i en t  in an  a n a l y s i s  of the s tab i l i ty  of  an ad iaba t i c  r e a c t o r  to c o n s i d e r  only 
p e r t u r b a t i o n s  which s a t i s fy  the  s i m i l a r i t y  condi t ion,  i . e . ,  such  that  6T = (h/pc)5~.  A f t e r  l i n e a r i z a t i o n  of (1 .1) - (1 .4)  we 
obtain  by sub t r ac t ion ,  u s ing  (1.5), 

O~e Oe Oe 
X-b~-~ -- -bT- -- u -~z ----- o, 

Oe 
-- X--~-z -1- ue = 0 , z=O; 

We take  the  in i t ia l  condi t ion  for  func t ion  e in the  f o r m  

h 8 = 8 T  - -  V -  ~ ( 3 . 2 )  

8e 
-~x =0 ,  z = l  (3.3) 

h 
t = 0 ,  e (~)= 8T0(~) - -7  ~0(~) (3.4) 

whe re  6~0(x) and 5T0(x) a r e  the  p e r t u r b a t i o n s  at the  in i t i a l  ins tant .  Condi t ion  (3.4) b e c o m e s  the z e r o  condi t ion  when the  
in i t ia l  p e r t u r b a t i o n s  a r e  s i m i l a r .  
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The solution of the boundary-value problem (3.2), (3.3) can be wri t ten in the fo rm 

(3.5) 

where  h n a r e  e igenvalues .  It is obvious that ~-n > 0. If the initial per turbat ions  a re  s im i l a r  the solution of problem 
(3.2), (3.4) is identically equal to zero ,  so that the proper ty  of s imi l a r i t y  is not los t  with t ime.  In the case  of d i s s im i l a r  
initial per turbat ions  it follows f rom the fo rm of solution (3.5) and the p rope r t i e s  of the e igenvalues  An that the 
per turbat ions  will  become s imi l a r  with t ime.  

F o r  s i m i l a r  per turbat ions  f rom (1.1)-(1.4) af ter  l inear iza t ion  we find 

D1050at }- -K~80 _ U o500x dFd0(0) 60 = 0 (3.6) 

(60 = I6T I) 

060 
o - ~  - -  U 6 0  = 0 ,  

050 
x=0;--yUx = 0, x = l  (3.7) 

60 = ~l (x), t = 0 (3.8) 

Here  ~(x) is an a r b i t r a r y  initial per turbat ion.  

Let  us solve problem (3.6)-(3.8) by separat ion of the var iab les .  We set  

80 (x, t) : exp ( - -ZDt  + 1/~Ux)g (x) (3.9) 

Substituting (3.9) into (3.6) and (3.7) we a r r i v e  at the following se l f -ad jo in t  problem of e igenvalues  with boundary 
conditions of the Sturm type: 

d~. A_ [ dF (O) U2 ~] 
dz ~ ~ dO t 4:- y = 0 

dy U dy U 
dx 2 y ~ O ,  x - - 0 ;  - ~ x - } - - 5 - y : O ,  x = l  (3.10) 

If in the spec t rum of e igenvalues  of (3.10) all  Xn > 0, the cons idered  steady state is s table.  If even one X n < 0 can 
be found, the state is unstable.  

The number  of negative e igenvalues  is always finite.  If the condition 

dF U ~ 
dO 4 t ~ . l ~ )  

is sa t isf ied,  all  the e igenvalues  a r e  posi t ive.  

Thus, inequality (3.11) is a suff icient  condition for  s tabi l i ty  of the s teady state.  

Condition (3.11) is fulfil led, in pa r t i cu la r ,  in al l  cases  where function F(0) is dec reas ing  or where  the 
p a r a m e t e r  U is suff icient ly large .  It was shown above that in this case  there  is a unique s teady state.  It is now c lea r  
that this s tate is stable.  

We give examples  where  there  is a unique stable steady state.  

1. An i so the rmic  r eac to r  in which a unique r e v e r s i b l e  or i r r e v e r s i b l e  react ion takes place in the absence of 
autocatalys is. 

2. An adiabatic r e a c t o r  in which the concentra t ion  and t empe ra tu r e  dis t r ibut ions a r e  s im i l a r  and a unique 
endothermie  reac t ion  takes place.  

3. The same as 2, but the reac t ion  is exothermic  and the condition 
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is fulfilled. 
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